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Abstract
We investigate the characteristic spin dynamics corresponding to semiconductor quantum dots
within the multiband envelope function approximation (EFA). By numerically solving an 8 × 8
k · p Hamiltonian we treat systems based on different III-V semiconductor materials. It is shown
that, even in the absence of an applied magnetic field, these systems show intrinsic spin dynamics
governed by intraband and interband transitions leading to characteristic spin frequencies ranging
from the THz to optical frequencies.
PACS numbers: PACS 73.21.La, 73.21.-b
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In the last years, the study of spin properties in the context of semiconductor materials
and, more especifically, in semiconductor nanostructures [1, 2, 3, 4, 5, 6, 7, 8, 9] has become
an important branch of research in condensed matter physics. Beside the fundamental
physics involved, this research is motivated by the fact that the spin degree of freedom
constitutes a promising property for implementing technological applications, for instance:
quantum computation [10] and spin-based electronics [11, 12, 13, 14].
This fundamental property of matter is generally investigated in semiconductor nanos-
tructures through the effect of an applied magnetic field. The Zeeman interaction associated
with the applied field differentiates in energy the states with different spin orientation, in-
ducing a precessional motion when the spin is not aligned in any of the two eigenstates. This
precessional motion is characterized by the frequency given by the spin splitting (Larmor
frequency). Combining the spin resonance at the larmor frequency and the spatial resolution
of a scanning tunneling microscope, Durkan and Welland have been able to measure spin
signal down to molecular level [15].
The typical energies corresponding to this precessional motion are of the order of the
meV, leading to frequencies in the range of the GHz. Faster spin dynamics can be achieved
if the system under study shows bigger spin splittings. This is the case of magnetically doped
quantum wells, where the magnetic impurities (Mn2+ ions) induce giant spin splittings in
the conduction band (10-100 meV) due to the exchange interaction. Recently, Myers et al.
have reported the possibility of near-THz optoelectronic control of spin dynamics in this
kind of systems [16].
Another possibility of controlling the spin dynamics comes from the usage of the intrinsic
spin-dependent interactions present in semiconductors without any external element such
as magnetic impurities, external magnetic fields or ferromagnetic materials. In this sense,
Kato et al showed that variations of the intensity of the spin-orbit coupling induced by strain
allows for controlling the spin dynamics in a bulk semiconductor [17].
In this work, it is shown the relevance of the different orbital transitions when considering
the spin evolution in a quantum dot. We study the characteristic spin dynamics arising from
the intrinsic spin properties of the semiconductor materials, in conjunction with the relative
strong coupling of the bulk band structure that takes place when the size of the system
approaches to the zero-dimensional limit. As a result, a noticeable mixing of spin, orbital
and band features is observed, leading to an rich spin evolution involving both intraband
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and interband transitions.
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In order to model such nanostructures, we have used a multiband k · p Hamiltonian
that has been previously used to investigate the FIR absorption of quantum dots in the
conduction band [18]. In particular, this modelization takes into account the coupling of
conduction, heavy-hole, light-hole and spin-orbit split-off valence bands near the Γ-point of
the bulk band structure. This problem is represented by an 8 × 8 matrix containing the
mentioned conduction and valence bands and their respective double multiplicity associated
to the spin degree of freedom (eq. 1).
The solutions to the Hamiltonian given by eq. 1 are 8-component spinors corresponding to
the envelope functions of the electronic states; Ψ = (ψ1, ψ2, ..., ψ8). The first two components
represent the projection of the wavefunction in the bulk conduction band, while (ψ3,ψ6),
(ψ4,ψ5) and (ψ7,ψ8) represent the projection in the heavy-hole, light-hole and spin-orbit
split-off bands, respectively [18].
The characterization of the host semiconductor material enters in the model through three
microscopic parameters: the energy gap between conduction and top valence bands (Eg),
the spin-orbit gap between the latter ones and the spin-orbit split-off band (∆0) and the
Kane matrix element (P ) corresponding to the matrix element of the momentum operator
between ’s’ and ’p’ orbitals responsibles of the considered bulk bands in the unit cell. All
these parameters are widely available in the literature [19, 20]
The diagonal terms in the matrix representation show the different energy origins of
the different bands (E = 0 at the bottom of the conduction band), and also contain the
confining external potential (V ) as well as the spatial dependence of the band edges [19, 21].
3
The depth/height of the band’s profile are relevant parameters in the determination of the
discrete spectrum of the dot. However, since these barriers don’t depend on the spin in
general (magnetic semiconductors are common exceptions), they are not expected to have
a significant influence in the coupling between different orbital states in the spin channel.
In the present work, equal depth/height for the conduction/valence band profile have been
used. The off-diagonal terms depend on the Kane parameter and on the different momentum
operators ~k = −i~∇, where k± = kx ± iky.
If we focus on the conduction band, the above multiband Hamiltonian can be analytically
reduced leading to an effective mass equation for the two conduction band components. The
effective mass and the other effective parameters, generally, depend both on the energy and
on the coordinates. In this reduced form, it can be seen that the Bychkov-Rashba spin-orbit
interaction [22], which is intimately related to the band’s spatial profile [21], is contained
within the model; as well as the Zeeman interaction when the momentum operators are
generalized to contain the potential vector’s contribution of a magnetic field [18].
The numerical implementation of the multiband Hamiltonian has been carried out in
an uniform three-dimensional spatial mesh without any symmetry restriction, although, for
simplicity, in this work we will only consider spherical potentials. In particular, we solve the
time-dependent Schro¨dinger equation for an initial 8-component spinor (Φ)
i~
∂Φ
∂t
= Hk·pΦ, (2)
which intrinsically contains the information about the stationary states. We use an explicit
algorithm expanding the unitary time evolution operator up to fourth order imposing spatial
periodic boundary conditions far away from the edge of the dot in order to simulate an
isolated system. Typical grids having 64× 64× 64 mesh points have been used.
An illustrative initial case of study is given by a quantum dot made of a wide-gap material
such as GaAs. In this case, when the dot is large enough (the characteristic conduction band
level spacing is much lower than the energy gap), the single band effective mass approxima-
tion for the conduction band must be recovered. The relative simplicity of the effective mass
representation allows for the analytical resolution of some confining potentials, in particular,
the 3D harmonic oscillator. In order to compare the multiband numerical results with the
analytical effective mass formula, it is needed the value of the effective mass at the bottom
of the conduction band arising from the multiband Hamiltonian. Using GaAs parameters
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it is obtained m∗c = 0.072m0 [18], where m0 is the free electron rest mass, very close to the
standard value m∗c = 0.067m0. In this way, the effective frequency of the confinement ’ω0’
can be obtained by comparison with the usual expression m∗ω20~r
2/2.
In the upper left panel of fig. 1, there are plotted the six lowest orbital groups of quantized
levels contained in the conduction band. Besides the numerical result, there are also plotted
the levels given by the well-known expression arising from the effective mass model: in the
3D case, εn = (n + 3/2)~ω0. It can be seen that the multiband k · p model recovers with
high accuracy the effective mass results in the proper limit.
Furthermore, fig. 1 also shows the characteristic spin evolution corresponding to this kind
of systems. In a relatively big wide-gap semiconductor quantum dot, the coupling between
the different energy bands is expected to be very small, as well as the spin-orbit coupling
present in the conduction band. The lower panel of fig. 1 shows the time-evolution of an
initially vertically polarized spin (z-oriented) represented by a wavepacket lying in an orbital
state close to the ground state of the conduction band. It is observed that the expectation
value of the vertical spin channel remains almost constant in time. This corresponds to a
level scheme where the different spin states are not mixed and are decoupled from the orbital
motion in the different bands. As expected, the different degrees of freedom (spin, orbital
motion and semiconductor band), are almost completely decoupled.
Despite of the above, if we take a detailed look on the spin signal (upper right panel
in fig. 1) we can see certain evolution. The dominant frequency contained in this small
amplitude signal corresponds to a transition between the ground and the second excited
groups of quantized levels in the conduction band (grey arrow in the upper left panel of
fig. 1). The reflect of this transition can be explained through the weak coupling between
conduction and valence bands, that, roughly, is proportional to the rate between the typical
intraband energy (~ω0 = 3.73 meV) and the energy gap (Eg = 1.52 eV).
When the size of the system is reduced, the non-parabolicity effects of the semiconductor
conduction band becomes more and more important. Moreover, the coupling between the
different bands is enhanced when the parameters corresponding to a narrow gap semicon-
ductor are used, thus, invalidating the single band effective mass approximation.
In this work, we have investigated the relevant transitions in the spin channel near the
bottom of the conduction band through the method presented above, i.e, evolving in time
spin polarized conduction wavepackets. In practice, this would correspond to a polarized
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electron pumped into the bottom of the conduction band corresponding to a totally depleted
quantum dot.
In the upper panels of fig. 2, there are represented the evolution corresponding to a
wavepacket near the conduction band ground state of a parabolic GaAs quantum dot having
a characteristic conduction band orbital level spacing ~ω0 ≃ 20 meV. It can be seen that
the evolution of the spin signal shows a small harmonic modulation of about 2% with
respect to the initial polarization value (〈σz〉t=0 = 1). The corresponding frequency spectrum
shows two different types of dominant transitions in the spin channel: intraband transitions,
transitions within the conduction band having the typical energies corresponding to the
confining potential, and also interband transitions, with characteristic energies given by the
gaps of the bulk band structure (in the case of GaAs, 1.52 eV for the heavy and light-hole
valence bands and 1.86 eV for the spin-orbit split-off band). This transitions are allowed
in the spin channel since the different spin states corresponding to conduction and valence
band states are no longer orthogonal due to the spin-dependent band mixing. It can be seen
that the dominant peaks lie near the top of the valence bands, thus, indicating the maximal
coupling of the lowest conduction band states and the top valence band ones in the spin
channel.
If the material parameters are changed, using parameters of a semiconductor alloy having
a narrower gap, for instance InAs (Eg = 0.418 eV, ∆0 = 0.43 eV), and maintaining a similar
parabolic confining potential ( with a characteristic conduction band orbital level spacing
~ω0 ≃ 30 meV); a relevant enhancement of the modulation corresponding to the spin signal
is observed due to the stronger band coupling. This modulation now reaches a 5% with
respect to the initial value, as can be seen from the middle panels of fig. 2. In this case,
the interband transitions are sensibly less energetic than in GaAs due to smaller gaps of the
bulk band structure.
The particular shape of the confining potential does not alter significantly these general
features. Lower panels of fig. 2 represent the spin dynamics corresponding to a step-like
potential, smoothed in a Woods-Saxon-like shape, having similar depth and size than the
parabolic one represented in the middle panels. The spin channel shows more relevant
intraband transitions in the low energy region, but the relative weight between intraband
and interband transitions remains almost unaltered.
In a realistic electronic dot system, characterized by the full occupation of the valence
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bands and even some conduction states, an out-of-equilibrium spin population in the conduc-
tion band will not exhibit the interband transition in the spin channel, as they are forbidden
due to the Pauli blocking. However, this transitions could manifest in the spin dynamics
when considering a non-equilibrium spin polarized hole population, since, in this case, there
is no occupation restriction, allowing for these transitions of ultrafast spin evolution. In
fact, when the size of the system is small enough and/or a narrower gap material is used, for
instance InSb (Eg = 0.235 eV, ∆0 = 0.82 eV), the latter transitions can lead to a sizeable
spin signal modulation since the matrix elements corresponding to the spin operator are
substantially enhanced. In fig. 3, there is plotted the spin evolution corresponding to small
InSb (upper panels) and InAs (lower panels) quantum dots (characteristic conduction band
orbital level spacings of the order of 50−60 meV). The corresponding spectra show that the
intraband contribution to the spin signal saturates and no longer grows neither reducing the
size of the dot nor choosing parameters corresponding to a material having a narrower gap.
However, interband transitions show an increasing strength in the spin channel, leading to
a spin modulation amplitude reaching the 13% of the initial polarization value in the case
of the InSb-based dot.
The values of the energies corresponding to these interband transitions should be consid-
ered in a qualitative way, since a truly quantitative description of the valence band spectrum
should include the contribution of remote conduction bands. In this case, a more suitable
14 × 14 k · p multiband Hamiltonian should be used [19]. The Hamiltonian given by eq. 1
is only appropiate to quantitatively describe the conduction band spectrum.
The question of spin relaxation is a relevant one when considering the spin dynamics.
However, in the case of a quantum dot, the main relaxation mechanisms are strongly sup-
pressed due to its reduced dimensionality [23]. In ref. 23, it is calculated the relaxation rate
between different orbital states that are not pure spin states due to the spin-orbit coupling.
From the results of this work, it can be estimated that the spin lifetimes in the present dots
will largely exceed the picosecond scale.
In summary, using an 8×8 multiband k ·p Hamiltonian we have numerically investigated
three-dimensional model quantum dots based on different semiconductor alloys. The studied
dynamical systems reveal that, even in the absence of an applied magnetic field, these
systems show a relevant spin evolution that concerns both intraband and interband level
transitions. The amplitude of the spin signal depends strongly on the size of the system
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as well as on the band structure of the considered semiconductor material. In the case of
small dots based on narrow gap materials, interband transitions become dominant in the
spin channel leading to sizeable spin signals, of relevance in the evolution of polarized hole
spin populations.
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FIG. 1: Upper left panel: Comparison between conduction band energy levels calculated within
the multiband k · p approach and the effective mass approximation for a relatively large GaAs
parabolic quantum dot (~ω0 = 3.73 meV). Upper right panel: detail of lower panel. Lower panel:
time-evolution (up to 20 ps) for a vertically (+z) polarized spin in the bottom of the conduction
band corresponding to the above quantum dot. Full simulations have been carried out up to 200
ps.
FIG. 2: Upper panels: spin time evolution and its corresponding fast Fourier transform (in arb.
units) of a parabolic GaAs quantum dot having ~ω0 ≃ 20 meV. Middle panels: the same for a
parabolic InAs dot having a characteristic conduction band level spacing of ∼ 30 meV. Lower
panels: the same for an InAs-based dot characterized by a step-like potential having similar depth
and width than the represented in the middle panels.
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FIG. 3: Upper panels: spin time evolution and its corresponding fast fourier transform (in arb.
units) of a parabolic InSb dot having a characteristic conduction band level spacing of ∼ 60 meV.
Lower panels: the same for an InAs-based parabolic quantum dot having a characteristic conduction
band level spacing of ∼ 50 meV.
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